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On uniformly continuous Nemytskij operators generated
by set-valued functions
Ewelina Mainka
Abstract. Let I = [0, 1], let Y be a real normed linear space, C a convex cone in Y and Z a real
Banach space. Denote by clb(Z) the set of all nonempty, convex, closed and bounded subsets
of Z. If a superposition operator N generated by a set-valued function F : I × C → clb(Z)
maps the set Hα(I, C) of all Ho¨lder functions ϕ : I → C into the set Hβ(I, clb(Z)) of all
Ho¨lder set-valued functions φ : I → clb(Z) and is uniformly continuous, then
F (x, y) = A(x, y)
∗
+ B(x), x ∈ I, y ∈ C
for some set-valued functions A, B such that A(·, y), B ∈ Hβ(I, clb(Z)), y ∈ C and A(x, ·),
x ∈ I are *additive and continuous on C into clb(Z). A converse result is also investigated.
Mathematics Subject Classification (2000). 47H04, 47H30, 54C60, 26E25.
Keywords. Jensen equation, set-valued functions, Nemytskij operator, uniformly continuous
operators.
1. Introduction
Let I, J ⊂ R be intervals, α ∈ (0, 1], x0 ∈ I and let Lipα(I, J) denote the set
of all functions ϕ : I → J for which the set{ |ϕ(x) − ϕ(y)|
|x − y|α : x, y ∈ I, x = y
}
is bounded with the functional
||ϕ||Lipα := |ϕ(x0)| + sup
x,y∈I,x =y
|ϕ(x) − ϕ(y)|
|x − y|α . (1)
Each function f : I × J → R generates an operator of substitution (or
Nemytskij operator) N deﬁned on Lipα(I, J) by the formula
(Nϕ)(x) = f(x, ϕ(x)), ϕ ∈ Lip(I, J), x ∈ I.
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Recently Matkowski has shown (cf. [6]) that if a superposition operator N
of a generator f maps the set Lipα(I, J) into the Banach space Lipα(I,R) and
is uniformly continuous with respect to the norm (1), then
f(x, y) = a(x)y + b(x), x ∈ I, y ∈ J
for some a, b ∈ Lipα(I,R). In this paper we are going to prove a counterpart of
Matkowski’s result for Nemytskij operators generated by set-valued functions
with values in a set clb(Z) of all nonempty, bounded, closed, convex subsets
of a normed linear space Z.
The problem of characterizing Lipschitzian operators of a substitution gen-
erated by set-valued functions with nonempty, compact, convex values, map-
ping the set of functions satisfying the Ho¨lder condition into the set of such
set-valued functions was investigated by Ludew (cf. [4]). Lipschitzian Nemyt-
skij operators generated by set-valued functions with values in clb(Z) acting
in the space of functions satisfying the Lipschitz condition were studied in [9].
Let (Z, || · ||) be a real, normed linear space. For a bounded A ⊂ Z one can
deﬁne a number ||A|| as follows ||A|| := sup{||z|| : z ∈ A}.
We introduce a binary operation
∗
+ in clb(Z) by the formula
A
∗
+ B = cl(A + B),
where A + B is an algebraic sum of A and B and clA is the closure of A.
Observe, that for arbitrary A,B ∈ clb(Z) the set A + B does not have to be
closed. A corresponding example can be found e.g. in [10]. The pair (clb(Z),
∗
+)
is an Abelian semigroup with the set {0} as the zero element. We can multiply
elements of clb(Z) by nonnegative numbers and the conditions
1 · A = A, λ(μA) = (λμ)A, λ(A ∗+ B) = λA ∗+ λB, (λ + μ)A = λA ∗+ μA
hold for all A,B ∈ clb(Z) and λ, μ ≥ 0. This means that the set clb(Z) with
operations
∗
+ and · is an abstract convex cone. The cancellation law, i.e.
A
∗
+ B = C
∗
+ B =⇒ A = C
in clb(Z) follows e.g. from Theorem II-17 in [2, p. 48].
For two nonempty subsets A,B of Z and z ∈ Z deﬁne
ρ(z,B) = inf{||z − b|| : b ∈ B}, e(A,B) = sup{ρ(a,B) : a ∈ A}.
The Hausdorﬀ distance d(A,B) between A and B is deﬁned by
d(A,B) = max{e(A,B), e(B,A)}.
If S denotes the closed unit ball in Z, then
d(A,B) = inf{t > 0 : A ⊂ B + tS,B ⊂ A + tS}
for all nonempty and bounded sets A and B. It is easily seen that (clb(Z), d) is a
metric space. It is complete, provided Z is a Banach space (cf. e.g. [2, p. 40]).
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+ B) = d(A + B,C + B) = d(A,C)
(cf. e.g. [3]) and
d(λA, λB) = |λ|d(A,B)
for all λ ≥ 0 and A,B,C ∈ clb(Z).
A subset C of a real linear space Y is said to be a convex cone if λC ⊂ C
for all λ ≥ 0 and C + C ⊂ C.
A set-valued function F : C → clb(Z) deﬁned on a convex cone C is *addi-
tive (*Jensen) if
















for all x, y ∈ C. A function F is Q+-homogeneous if F (λy) = λF (y) for all
λ ∈ Q ∩ [0,∞) and y ∈ C.
The following lemmas will be needed in the paper.
Lemma 1. (Corollary 4 in [9]) Let C be a convex cone in a real linear space Y
and let Z be a Banach space. A set-valued function F : C → clb(Z) is *Jensen
if and only if there exist an *additive set-valued function A : C → clb(Z) and
a set B ∈ clb(Z) such that
F (x) = A(x)
∗
+ B
for x ∈ C.
Lemma 2. (Lemma 2 in [7]) Let Y,Z be two real, normed linear spaces and let
C be a convex cone in Y . Suppose F is a Q+-homogeneous set-valued function
defined on C with nonempty values in Z. The equality
lim
y→0, y∈C
||F (y)|| = 0 (2)
holds if and only if there exists a positive constant M such that
||F (y)|| ≤ M ||y|| for y ∈ C.
In the set of all Q+-homogeneous set-valued functions in C with nonempty
values in Z, satisfying (2) we can introduce the functional




By Lemma 2, ||F || is ﬁnite. This functional will be called a norm.
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Lemma 3. (Lemma 4 and Remark 2 in [7]) Let Y be a Banach space, Z a real,
normed linear space and let C be a convex cone in Y. Suppose that (Fj : j ∈ J)
is a family of *additive, continuous set-valued functions Fj : C → clb(Z). If
intC = ∅ and for each y ∈ C the set ⋃j∈J Fj(y) is bounded in Z, then there
exists a constant M ∈ (0,+∞) such that
sup
j∈J
||Fj || ≤ M.
A function α : [0,∞) → [0,∞) is said to be an α-function, if α(t) > 0 for
t ∈ (0,∞), α(0) = 0 = limt→0α(t), α(1) = 1 and both α and α∗, where
α∗(t) =
{ t
α(t) for t ∈ (0,∞),
0 for t = 0,
are increasing (cf. [1, p. 182]).
Note that the function α(t) = tp, where p ∈ (0, 1] is an α-function.
For two α-functions α and β we write
α ≺ β ⇐⇒ α(t) = O(β(t)) as t → 0.
Let α be an α-function, I = [0, 1] and let C be a convex cone in a real,
normed linear space Y. By definition, the set Hα(I, C) consists of all functions







ω(ϕ, s) := sup{||ϕ(x1) − ϕ(x2)|| : x1, x2 ∈ I, |x1 − x2| ≤ s}
(cf. [5]). By Hα(I, clb(Z)) we denote the set of all set-valued functions φ : I →
clb(Z) such that hα(φ) < +∞, where
ω(φ, s) := sup{d(φ(x1), φ(x2)) : x1, x2 ∈ I, |x1 − x2| ≤ s}.
Observe that all functions from Hα(I, C) and from Hα(I, clb(Z)) are continu-
ous. In fact, let us ﬁx x1, x2 ∈ I and let ϕ ∈ Hα(I, C). We have
||ϕ(x1) − ϕ(x2)|| ≤ ω(ϕ, |x1 − x2|) ≤ hα(ϕ)α(|x1 − x2|). (5)
Since α is continuous at 0, (5) shows that ϕ is uniformly continuous, by (4).
The same reasoning applies to φ ∈ Hα(I, clb(Z)).
We introduce a metric ρα in the set Hα(I, C) putting ρα(ϕ,ϕ) = ||ϕ−ϕ||α,
where
||ϕ||α := ||ϕ(0)|| + hα(ϕ).
In the set Hα(I, clb(Z)) one can deﬁne a metric setting




, φ, φ ∈ Hα(I, clb(Z)),
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where
ω(φ, φ, s) := sup{d(φ(x1) + φ(x2), φ(x2) + φ(x1)) : x1, x2 ∈ I, |x1 − x2| ≤ s}
(cf. [8]). It may be proved that dα(φ, φ) < ∞ and that dα is a metric in
Hα(I, clb(Z)) (cf. [4]).
Consider the set
L(C, clb(Z)) := {A : C → clb(Z) : A is ∗ additive and continuous}.
Since every *additive set-valued function A : C → clb(Z) is Q+-homogeneous,
for each A ∈ L(C, clb(Z)) we have
||A(y)|| ≤ ||A|| ||y||, y ∈ C,
where ||A|| is deﬁned by (3). Thus, for A,B ∈ L(C, clb(Z)) we have d(A(y),





is ﬁnite. It is easily seen, that dL yields a metric in L(C, clb(Z)).
2. Main results
Let α, β be α-functions. We shall prove (in Theorem 2) that a uniformly con-
tinuous operator of a substitution N mapping Hα(I, C) into Hβ(I, clb(Z)) has
to be generated by a function F : I × C → clb(Z) of the form
F (x, y) = A(x, y)
∗
+ B(x),
where A(x, ·) is a *additive continuous set-valued function and A(·, y), B(·)
belong to Hβ(I, clb(Z)).
Theorem 1. Let I = [0, 1] and Y be a real normed linear space, Z a Banach
space and let C be a convex cone in Y . Assume that γ : [0,∞) → [0,∞) is
continuous at 0, γ(0) = 0, and the superposition operator N is generated by a
set-valued function F : I × C → clb(Z).
(a) Suppose that N maps Hα(I, C) into Hβ(I, clb(Z)) and
dβ(Nϕ,Nϕ) ≤ γ(||ϕ − ϕ||α), ϕ, ϕ ∈ Hα(I, C). (6)
Then there exist functions A : I × C → clb(Z) and B : I → clb(Z) such
that A(·, y), B ∈ Hβ(I, clb(Z)) for every y ∈ C,A(x, ·) ∈ L(C, clb(Z)) for
every x ∈ I and
F (x, y) = A(x, y)
∗
+ B(x), x ∈ I, y ∈ C.
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Moreover, the inequality
d(A(x, y1) + A(x, y2), A(x, y1) + A(x, y2)) ≤ γ(||y1 − y2||)β(|x − x|) (7)
holds for all x, x ∈ I and y1, y2 ∈ C.
(b) Assume that γ is increasing and the condition 1β ≺ γ( 1α ) does not hold.
Then the operator N maps Hα(I, C) into Hβ(I, clb(Z)) and satisfies
inequality (6) if and only if the function F is of the form
F (x, y) = B(x), x ∈ I, y ∈ C,
where B ∈ Hβ(I, clb(Z)). In this case N is a constant operator.
Proof. (a) Note, that for a given y ∈ C a constant function ϕ(t) = y, t ∈ I,
belongs to the space Hα(I, C). Since N maps Hα(I, C) into Hβ(I, clb(Z)),
we have Nϕ = F (·, y) ∈ Hβ(I, clb(Z)). Consequently, F (·, y) is continu-
ous.
For arbitrarily ﬁxed y, y ∈ C, take ϕ,ϕ : I → C deﬁned by
ϕ(t) = y, ϕ(t) = y, t ∈ I.
Then ϕ,ϕ ∈ Hα(I, C) and, by the assumption, functions Nϕ = F (·, y), Nϕ =
F (·, y) belong to Hβ(I, clb(Z)) and
||ϕ − ϕ||α = ||y − y||.





Hence, by (6), for all x ∈ I
d(F (0, y), F (0, y)) + d(F (x, y) + F (0, y), F (x, y) + F (0, y)) ≤ γ(||y − y||).
(8)
Since
d(F (x, y), F (x, y)) = d(F (x, y) + F (0, y), F (x, y) + F (0, y))
≤ d(F (x, y) + F (0, y), F (x, y) + F (0, y))
+d(F (x, y) + F (0, y), F (x, y) + F (0, y))
= d(F (0, y), F (0, y))+d(F (x, y)+F (0, y), F (x, y)+F (0, y)),
(8) implies that
d(F (x, y), F (x, y)) ≤ γ(||y − y||) for x ∈ I.
This inequality, the continuity of γ at 0 and the equality γ(0) = 0 show that
F is continuous with respect to the second variable.
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yi for 0 ≤ t ≤ x,
yi−yi
x−x (t − x) + yi for x < t < x,
yi for x ≤ t ≤ 1
for i = 1, 2. Obviously, ϕi(I) ⊆ C. We shall prove that ϕi ∈ Hα(I, C). It is
easy to see that
ω(ϕi, s) = ||yi − yi|| for x − x ≤ s ≤ 1,
ω(ϕi, s) = sx−x ||yi − yi|| for 0 ≤ s ≤ x − x.







α(x − x) .
Therefore, ϕi ∈ Hα(I, C) and ||ϕi||α = ||yi|| + ||yi−yi||α(x−x) . In particular
||ϕ1 − ϕ2||α = ||y1 − y2|| + ||y1 − y2 − y1 + y2||
α(x − x) . (9)
From (6) and the definition of dβ
ω(Nϕ1, Nϕ2, x − x)
β(x − x) ≤ dβ(Nϕ1, Nϕ2) ≤ γ(||ϕ1 − ϕ2||α)
and since ϕi(x) = yi and ϕi(x) = yi,
d(F (x, y1) + F (x, y2), F (x, y1) + F (x, y2)) ≤ γ(||ϕ1 − ϕ2||α)β(x − x).
(10)
Taking arbitrary u, v ∈ C and setting y1 = y2 = u+v2 , y1 = u, y2 = v we
obtain
















, F (x, u)+F (x, v)
)
≤ γ




Letting x tend to x, since limt→0 β(t) = 0, from the continuity of F with
























+ F (x, v)]
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for all x ∈ I. This shows, that F (x, ·) is *Jensen, which implies that there exist
functions A : I ×C → clb(Z) and B : I → clb(Z) such that A(x, ·) is *additive
for x ∈ I and
F (x, y) = A(x, y)
∗
+ B(x), x ∈ I, y ∈ C (11)
(cf. Lemma 1).
To prove that A(x, ·)(x ∈ I) is continuous let us ﬁx y, y ∈ C. We have
d(A(x, y), A(x, y)) = d(A(x, y)
∗
+ B(x), A(x, y)
∗
+ B(x))
= d(F (x, y), F (x, y)),
therefore, the continuity of F (x, ·) implies the continuity of A(x, ·).
From the *additivity of A(x, ·) we have A(x, 0) = {0}, whence
F (x, 0) = A(x, 0)
∗
+ B(x) = B(x). (12)
Since F (·, y) ∈ Hβ(I, clb(Z)) for all y ∈ C, (12) shows that B ∈ Hβ(I, clb(Z)).
Now we shall prove that A(·, y) ∈ Hβ(I, clb(Z)) for every y ∈ C. Let us ﬁx
s ∈ (0, 1], x, x ∈ I such that |x − x| ≤ s and y ∈ C. Of course
d(A(x, y), A(x, y)) = d(A(x, y) + B(x), A(x, y) + B(x))
≤ d(A(x, y) + B(x), A(x, y) + B(x))
+d(A(x, y) + B(x), A(x, y) + B(x))
= d(F (x, y), F (x, y)) + d(B(x), B(x)),
whence




≤ hβ(F (·, y)) + hβ(B).
The fact that A(·, y) ∈ Hβ(I, clb(Z)) for every y ∈ C follows now from the
inequality above.
Finally, to show (7) take x, x ∈ I such that x < x and y1, y2 ∈ C. Putting
y1 = y1, y2 = y2 in (9) and (10) we obtain
d(F (x, y1) + F (x, y2), F (x, y1) + F (x, y2)) ≤ γ(||y1 − y2||)β(x − x).
Therefore
d(A(x, y1) + B(x) + A(x, y2) + B(x), A(x, y1) + B(x) + A(x, y2) + B(x)
= d(A(x, y1) + A(x, y2), A(x, y1) + A(x, y2)) ≤ γ(||y1 − y2||)β(x − x).
The obtained inequality
d(A(x, y1) + A(x, y2), A(x, y1) + A(x, y2)) ≤ γ(||y1 − y2||)β(|x − x|)
for all y1, y2 ∈ C and x, x ∈ I, x < x is also true in the case of x ≥ x, which
completes the proof of part (a).
Vol. 79 (2010) On uniformly continuous Nemytskij operators 301
(b) It sufﬁces to show necessity. Setting y1 = y2 in (9) and (10) we obtain
d(F (x, y1), F (x, y2)) ≤ γ




for all x, x ∈ I such that x < x and for all y1, y2 ∈ C. In the case
||y1 − y2|| ≤ 1 by the monotonicity of γ we have





β(x − x). (13)
Since the condition 1
γ( 1α )
≺ β does not hold, we can ﬁnd a sequence (tn), tn ∈






→ 0 as n → ∞. (14)
Take x ∈ [0, 1) and xn := x + tn. Then xn ∈ [0, 1] for a large enough n and
xn → x. Since F (·, y), y ∈ C is continuous, from (13) and (14) we deduce that
F (x, y1) = F (x, y2), x ∈ [0, 1] and y1, y2 ∈ C.
In the case ||y1 − y2|| > 1, ﬁx n large enough to have 1n ||y1 − y2|| ≤ 1. Set-
ting yi = y1 +
i
n (y2 −y1), i = 0, 1, . . . , n−1, we obtain ||yi+1 −yi|| ≤ 1. By the
above, we get F (x, yi) = F (x, yi+1) for all x ∈ I and i = 0, 1, . . . , n−1, whence
F (x, y1) = F (x, y2) for all x ∈ I and y1, y2 ∈ C. Consequently, F (x, y) =
F (x, 0) =: B(x) for x ∈ I and y ∈ C, which completes the proof. 




y for 0 ≤ t ≤ x,
y−y
x−x (t − x) + y for x < t < x,
y for x ≤ t ≤ 1
for some x, x ∈ I, x < x, y, y ∈ C. From the argument used in the proof fol-
lows that Theorem 1 remains valid if inequality (6) is postulated only for all
ϕ,ϕ ∈ A.
Remark 2. Assuming, that γ in Theorem 1 is increasing does not cause any
loss of generality.
Indeed, for a given γ : [0,∞) → [0,∞) we can take γ∗ : [0,∞) → [0,∞)
deﬁned by γ∗(t) = sups∈[0,t] γ(s).
Condition (6) in Theorem 1 can be replaced by the uniform continuity of N .
Theorem 2. Let Y be a real normed linear space, Z a Banach space and C a
convex cone in Y . Suppose that the superposition operator N of the generator
F : I ×C → clb(Z) maps Hα(I, C) into Hβ(I, clb(Z)) and that N is uniformly
continuous. Then there exist functions A : I × C → clb(Z) and B : I → clb(Z)
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such that A(·, y), B ∈ Hβ(I, clb(Z)) for every y ∈ C,A(x, ·) ∈ L(C, clb(Z)) for
every x ∈ I and
F (x, y) = A(x, y)
∗
+ B(x), x ∈ I, y ∈ C.
Proof. Suppose that N is uniformly continuous. Then for every ε > 0 there is
δ > 0 such that for all ϕ,ϕ ∈ Hα(I, C)
||ϕ − ϕ||α ≤ δ =⇒ dβ(Nϕ,Nϕ) ≤ ε.
Let γ : [0,∞) → [0,∞) be deﬁned by the formula
γ(t) := sup{dβ(Nϕ,Nϕ) : ||ϕ − ϕ||α ≤ t}, t ≥ 0.
The function γ is well deﬁned. Indeed, ﬁx δ > 0 such that for all ϕ,ϕ ∈
Hα(I, C)
||ϕ − ϕ||α ≤ δ =⇒ dβ(Nϕ,Nϕ) ≤ 1. (15)
Hence, we have γ(t) ≤ 1 for all t ∈ [0, δ]. Take t ≥ 0, s ≥ 0, t + s > 0 and
ϕ, ϕ ∈ Hα(I, C) such that ||ϕ − ϕ||α ≤ t + s. The function ψ = tt+sϕ + st+sϕ
also belongs to Hα(I, C) and
||ϕ − ψ||α = s
t + s
||ϕ − ϕ||α ≤ s, ||ψ − ϕ||α = t
t + s
||ϕ − ϕ||α ≤ t.
Thus, by the definition of γ it follows that
dβ(Nϕ,Nϕ) ≤ dβ(Nϕ,Nψ) + dβ(Nψ,Nϕ) ≤ γ(s) + γ(t)
and consequently
γ(s + t) ≤ γ(s) + γ(t).
In particular, γ(2t) ≤ 2γ(t), whence by induction we obtain
γ(nt) ≤ nγ(t) (16)
for all n ∈ N and t ≥ 0. For a given t ≥ 0 there exists a positive integer n such












≤ n < ∞.
Since N is uniformly continuous, γ is continuous at 0, γ(0) = 0 and obvi-
ously
dβ(Nϕ,Nϕ) ≤ γ(||ϕ − ϕ||α), ϕ, ϕ ∈ Hα(I, C),
thus the result is a consequence of Theorem 1. 
Remark 3. If in Theorem 1,γ(t) = Lt (for some constant L ≥ 0) and the func-
tion F maps I × C into the space cc(Z) of all nonempty, convex and compact
subsets of Z, we can replace
∗
+ by the usual algebraic sum of two sets and we
get the result obtained by Ludew in [4].
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3. A converse result
The following result may be proved in the same way as Lemma 5 in [7].
Lemma 4. Let Y and Z be two real, normed linear spaces and C a convex cone
in Y with nonempty interior. Then there exists a positive constant M0 such
that for every continuous, *additive, set-valued function F : C → clb(Z) the
inequality
d(F (x), F (y)) ≤ M0||F || ||x − y||, x, y ∈ C
holds.
The following theorem is a converse of part (a) of Theorem 1.
Theorem 3. Let Y be a Banach space, Z a real normed linear space, C a con-
vex cone in Y with nonempty interior and let α, β be two α-functions such
that α ≺ β. Assume that A(·, y), B ∈ Hβ(I, clb(Z)) for y ∈ C and A(x, ·) ∈
L(C, clb(Z)) for x ∈ I. Moreover, assume that for some increasing, continuous
at 0 function γ : [0,∞) → [0,∞), such that γ(0) = 0, the inequality
d(A(x, y1) + A(x, y2), A(x, y1) + A(x, y2)) ≤ γ(||y1 − y2||)β(|x − x|) (17)
holds for all x, x ∈ I and y1, y2 ∈ C. If a set-valued function F : I×C → clb(Z)
is of the form
F (x, y) = A(x, y)
∗
+ B(x), x ∈ I, y ∈ C,
then the operator of the substitution N generated by F maps the set Hα(I, C)
into Hβ(I, clb(Z)) and satisfies inequality (6) with a function γ1, where γ1(t) =
c(t + γ(t)), t ∈ [0,∞) and c is a constant.
Proof. First, we shall prove that for an arbitrary y ∈ C the set ⋃x∈I A(x, y)
is bounded. Let x ∈ I, y ∈ C. We have
||A(x, y)|| = d(A(x, y), {0}) ≤ d(A(x, y), A(0, y)) + d(A(0, y), {0})
= d(A(x, y), A(0, y)) + ||A(0, y)||.
Moreover, since A(·, y) ∈ Hβ(I, clb(Z)),
d(A(x, y), A(0, y)) ≤ ω(A(·, y), 1) = ω(A(·, y), 1)
β(1)
≤ hβ(A(·, y)) < ∞.
Therefore
||A(x, y)|| ≤ hβ(A(·, y)) + ||A(0, y)||, x ∈ I.
Since {A(x, ·)}x∈I is a family of *additive and continuous functions, by
Lemma 3 there exists a constant M > 0 such that
sup
x∈I
||A(x, y)|| ≤ M ||y||, y ∈ C.
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Hence, and by Lemma 4, we deduce that
d(A(x, y), A(x, y)) ≤ M0M ||y − y|| (18)
for all x ∈ I and y, y ∈ C.
We shall prove now that N maps Hα(I, C) into Hβ(I, clb(Z)). Let ϕ ∈
Hα(I, C) and x, x ∈ I. The inequality
d(A(x, y), A(x, y)) ≤ γ(||y||)β(|x − x|) (19)
is a consequence of (17). From (18) and (19) we get
d(Nϕ(x), Nϕ(x)) = d(A(x, ϕ(x)) + B(x), A(x, ϕ(x)) + B(x))
≤ d(A(x, ϕ(x)), A(x, ϕ(x))) + d(B(x), B(x))
≤ d(A(x, ϕ(x)), A(x, ϕ(x)))
+d(A(x, ϕ(x)), A(x, ϕ(x))) + d(B(x), B(x))
≤ γ(||ϕ(x)||)β(|x−x|)+M0M ||ϕ(x)−ϕ(x)||+d(B(x), B(x))
for all x, x ∈ I. Since
||ϕ(x)|| ≤ ||ϕ(0)|| + ||ϕ(x) − ϕ(0)||
α(x − 0) α(x − 0), x ∈ (0, 1]
we have ||ϕ(x)|| ≤ ||ϕ||α for every x ∈ I. Now let us take s ∈ (0, 1] and x, x ∈ I
such that |x − x| ≤ s. Due to the monotonicity of γ and β
d(Nϕ(x), Nϕ(x)) ≤ γ(||ϕ||α)β(s) + M0Mω(ϕ, s) + ω(B, s).
Thus, for every s ∈ (0, 1] we obtain
ω(Nϕ, s)
β(s)







≤ γ(||ϕ||α) + LM0Mhα(ϕ) + hβ(B),
where L > 1 is some constant such that α(s)β(s) ≤ L, s ∈ (0, 1] (by the assumption
α ≺ β). Therefore, hβ(Nϕ) < ∞ and Nϕ ∈ Hβ(I, clb(Z)).
It remains to show that N satisﬁes (6). Let ϕ,ϕ ∈ Hα(I, C), s ∈ (0, 1] and
take x, x ∈ I such that |x − x| ≤ s. Inequalities (18) and (17) imply that
d(Nϕ(x) + Nϕ(x), Nϕ(x) + Nϕ(x))
= d(A(x, ϕ(x)) + A(x, ϕ(x)), A(x, ϕ(x)) + A(x, ϕ(x)))
= d(A(x, ϕ(x) + ϕ(x)) + A(x, ϕ(x)) + A(x, ϕ(x)),
A(x, ϕ(x) + ϕ(x)) + A(x, ϕ(x)) + A(x, ϕ(x)))
≤ d(A(x, ϕ(x) + ϕ(x), A(x, ϕ(x) + ϕ(x)))
+d(A(x, ϕ(x)) + A(x, ϕ(x)), A(x, ϕ(x)) + A(x, ϕ(x)))
≤ M0M ||(ϕ − ϕ)(x) − (ϕ − ϕ)(x)|| + γ(||(ϕ − ϕ)(x)||)β(|x − x|)
≤ M0Mω(ϕ − ϕ, s) + γ(||ϕ − ϕ||α)β(s).














≤ M0MLhα(ϕ − ϕ) + γ(||ϕ − ϕ||α).
Consequently,




≤ M0M ||(ϕ − ϕ)(0)|| + M0MLhα(ϕ − ϕ) + γ(||ϕ − ϕ||α)
≤ M0ML||ϕ − ϕ||α + γ(||ϕ − ϕ||α).
Setting c = max{1,M0ML} and γ1(t) = c(t + γ(t)) we get
dβ(Nϕ,Nϕ) ≤ γ1(||ϕ − ϕ||α).
This ﬁnishes the proof. 
Open Access. This article is distributed under the terms of the Creative Commons Attri-
bution Noncommercial License which permits any noncommercial use, distribution, and
reproduction in any medium, provided the original author(s) and source are credited.
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